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ON SOME INTEGRAL TRANSFORMS OF COULOMB FUNCTIONS
RELATED TO THREE-DIMENSIONAL PROPER LORENTZ GROUP
I. A. SHILIN
Abstract. Considering the relationship between two bases in representation space of
the three-dimensional proper Lorentz group, we derive some formulas with integrals
involving Coulomb wave functions, which can be considered as Fourier, Mellin, K-
Bessel, Hankel and Mehler-Fock transforms of these functions.
1. Introduction
As usually, let R and C be the sets of real and complex numbers, respectively. In
addition, throughout this paper we use the definition Ra for the ray pa;`8q.
Let us recall that the Coulomb (wave) functions Fσpρ, λq and H˘σ pρ, λq are functions
belonging to the kernel of the Coulomb differential operator
d :“ d
2
dλ2
` 1´ 2ρ
λ
´ σpσ ` 1q
λ2
,
where λ P R0, ρ P R (Sommerfeld parameter), and σ is non-negative integer (angular
momentum quantum number). These functions are defined by formulas [3]
Fσpρ, λq “ 2´σ´1Cσpρqp¯iqσ`1M˘iρ,σ` 1
2
p˘2iλq, (1.1)
H˘σ pρ, λq “ p¯iqσ exp
´piρ
2
˘ icσpρq
¯
W¯iρ,σ` 1
2
p¯2iλq, (1.2)
where Mµ,νpzq and Wµ,νpzq are Whittaker functions of the first and second kind, respec-
tively, and the normalizing constant (Gamow factor) Cσpρq and Coulomb phase shift
cσpρq are defined as follow:
Cσpρq “ 2σ exp
´
´piρ
2
¯
rΓp2σ ` 2qs´1 |Γpσ ` 1` iρq| ,
cσpρq “ arg Γpσ ` 1` iρq.
They can be considered for complex values of λp‰ 0q, ρ and σ [2, 5]. The definitions
(1.1) and (1.2) are correct since the choice of upper or lower signs in (1.1) and (1.2) isn’t
important in view of identity 1F1pa; b; zq “ exppzq 1F1pb´a; b;´zq (known as Kummer’s
transformation) for confluent hypergeometric function 1F1 which determines the both
Whittaker functions.
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We recall also that Fσpρ, λq and H˘σ pρ, λq are regular and irregular (respectively)
solutions of the Coulomb wave equation drys “ 0 and connected by the identity
Fσpρ, λq “ ˘ imaginary part of H˘σ pρ, λq. (1.3)
Below we also use another function belonging to Ker d:
Gσpρ, λq “ real part of H˘σ pρ, λq.
Since defect of d is equal to 2, the linearly independent functions Fσpρ, λq and Gσpρ, λq
form a basis in Ker d. Another basis consists of H`σ pρ, λq and H´σ pρ, λq. In [1] the author
considered also two other bases in Ker d consisting of functions, also named Coulomb
functions and introduced by Hartree in [8] and H. and B. Jeffreys in [9].
2. Representation space, its bases, and functionals F1 and F2
We recall that the three-dimensional Lorentz group is the subgroup of matrices pgijq
in GLp3,Rq satisfying the equalities g2i1 ´ g2i2 ´ g2i3 “ p´1qEp
i
2
q for i P t1, 2, 3u, where
Epnq denotes the entire part of an integer n. In this paper we consider its intersection
G with SLp3,Rq, calling G the proper Lorentz group.
Let σ P C and T be the representation of G in the linear space D consisting of σ-
homogeneous and infinitely differentiable functions defined on the cone Λ : x2
1
´x2
2
´x2
3
“
0 acting according to rule T pgqrfpxqs “ fpg´1xq. We recall that the functions xµ˘ on R,
which generate the generalized functions pxµ˘, fq [6], are defined as follow: xµ˘ is equal to
|x|µ for x P R˘ and coincides with zero function otherwise. In this paper we deal with
the bases [17]
B1 “
"
fλpxq “ px1 ` x2qσ exp λx3
x1 ` x2 | λ P R
*
and
B2 “
!
fρ,˘pxq “ px2qσ´iρ˘ px1 ` x3qiρ | ρ P R
)
.
Below we use two bilinear functionals defined on pairs of representation spaces in the
same way as in [14]. In order to introduce them, we define the following subsets on Λ:
parabola γ1 : x1 ` x2 “ 1 and hyperbola γ2 “ γ2,` Y γ2,´, where γ2,˘ : x2 “ ˘1. Let
Hi be a subgroup of G, which acts transitively on γi. We define F1 and F2 as
Fi : pD, Dˆq ÝÑ C, pf, gq ÞÝÑ
ż
γi
fpxq gpxqdγi,
where dγi is a Hi-invariant measure on γi. Let us parameterize γ1 and γ2 as follow:
γ1 :
$’&
’%
x1 “ 12
`
1` α2
1
˘
,
x2 “ 12
`
1´ α2
1
˘
,
x3 “ α1,
γ2,˘ “
$’&
’%
x1 “ coshα2,
x2 “ ˘1,
x3 “ sinhα2,
where α1, α2 P R. Since the subgroups H1 and H2 consist of matrices
h1pθ1q “ 1
2
¨
˝ 2` θ21 θ21 2θ1´θ2
1
2´ θ2
1
´2θ1
2θ1 2θ1 2
˛
‚
3and
h2pθ2q “
¨
˝cosh θ2 0 sinh θ20 1 0
sinh θ2 0 cosh θ2
˛
‚,
respectively, where θ1 P r0; 2piq and θ2 P R, and
T ph1pθ1qqrfλpα1qs “ fλpα1 ´ θ1q,
T ph2pθ2qqrfρ,˘pα2qs “ fρ,˘pα2 ´ θ2q,
we have dγi “ dαi. It have been showed in [14] that F1 and F2 coincide on pairs pD,D‚q
such that degree of homogeneity of D‚ is equal to ´σ ´ 1.
3. Matrix elements of B1 Õ B2 and B
‚
1
Õ B‚
2
transformations in terms of
Coulomb functions
Let us express a function fλ P B‚1 as a linear combination of vectors belonging to B‚2 :
f‚λpxq “
ż
R
rc‚λ,ρ,`f‚ρ,`pxq ` c‚λ,ρ,´f‚ρ,´pxqsdρ. (3.1)
Since
fρ,˘|γ2,˘ “ f‚ρ,˘|γ2,˘ “ exppiρα2q and fρ,˘|γ2,¯ “ f‚ρ,˘|γ2,¯ “ 0, (3.2)
we have
Fipf‚λ , fρˆ,˘q “
ż
R
c‚λ,ρ,˘ F2pf‚ρ,˘, fρˆ,˘qdρ
“
ż
R
c‚λ,ρ,˘ dρ
ż
R
exppipρ` ρˆqα2qdα2 “ 2pi
ż
R
c‚λ,ρ,˘ δpρ` ρˆqdρ “ 2pi c‚λ,´ρˆ,˘,
where δpρ` ρˆq is the ρˆ-delayed Dirac delta function, therefore,
c‚λ,ρ,˘ “
1
2pi
Fipf‚λ , f´ρˆ,˘q.
In the same way, if
f‚ρ,˘pxq “
ż
R
c‚ρ,˘,λ f
‚
λpxqdλ, (3.3)
then
c‚ρ,˘,λ “
1
2pi
Fipf‚ρ,˘, f´λq “ c´λ,´ρ,˘. (3.4)
Considering that σ is the third argument (after ρ and λ) of c‚ρ,˘,λ, we derive from (3.4)
that c‚ρ,˘,λpσq “ c´λ,´ρ,˘p´σ ´ 1q.
Theorem 1. Let σ P R´1 and λ ‰ 0,
c‚λ,ρ,` “
|Γpσ ` 1` iρq|
pi λσ`1
exp
´piρ
2
¯
Fσpρ, λq.
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Proof. Let us use the known formula [12, see, e.g., Entry 2.3.6(1)]
aż
0
xα´1 pa´ xqβ´1 expp´pxqdx “ Bpα, βq aα`β´1 1F1pα;α ` β;´apq, (3.5)
which holds true for ℜpαq,ℜpβq P R0, to computing of cλ,ρ,`:
c‚λ,ρ,` “
1
2pi
F1pf‚λ , f´ρ,`q
“ 1
2pi
ż
R
ˆ
1´ α2
1
2
˙σ`iρ
`
ˆ
1` α2
1
2
` α1
˙´iρ
exppiλα1qdα1
“ 2
´σ´1
pi
1ż
´1
p1´ α1qσ`iρ p1` α1qσ´iρ exppiλα1qdα1
“ 2
´σ´1
pi
expp´iλq
2ż
0
tσ´iρ p2´ tqσ`iρ exppiλtqdt
“ 2
σ
pi
expp´iλqBpσ ` 1` iρ, σ ` 1´ iρq 1F1pσ ` 1´ iρ; 2σ ` 2; 2iλq.
Using here the relation (see, e.g., [10, p. 290])
Mµ,νpzq “ zν` 12 exp
´
´z
2
¯
1F1
ˆ
ν ´ µ` 1
2
; 2ν ` 1; z
˙
,
we obtain
cλ,ρ,` “ 2
´2σ´2 piλq´σ´1
pi
Bpσ ` 1` iρ, σ ` 1´ iρqM
iρ,σ` 1
2
p2iρq.
Using here (1.1) and considering the equalities Bpz, wq “ ΓpzqΓpwq
Γpz`wq and Γpzq “ Γpzq,
where z is the complex conjugate of z, we complete the proof. 
Let us note that
c‚λ,ρ,´ “
1
2pi
F1pf‚λ , f´ρ,´q
“ 1
2pi
ż
R
ˆ
1´ α2
1
2
˙σ`iρ
´
ˆ
1` α2
1
2
` α1
˙´iα1
exppiλα1qdα1
“ 2
´σ´1
pi
„
expp´iλq
ż
R0
tσ´iρ pt` 2qσ`iρ exppiλtqdt
` exppiλq
ż
R0
tσ`iρ pt` 2qσ´iρ expp´iλtqdt

. (3.6)
5Sinceˇˇˇ
ˇ
ż
R0
tσ˘iρ pt` 2qσ˘iρ expp´iλtqdt
ˇˇˇ
ˇ ď
ż
R0
ˇˇˇ
tσ˘iρ pt` 2qσ˘iρ expp´iλtq
ˇˇˇ
dt
“
ż
R0
tσ pt` 2qσ dt “ 22σ`1 Bpσ ` 1,´2σ ´ 1q
for σ P `´1,´1
2
˘
[12, Entry 2.24.23], the both improper integrals in (3.6) absolutely
converge for these values for σ. However, in order to represent the matrix elements c‚λ,ρ,´
in terms of Coulomb functions, we consider the following theorem for one particular value
of σ not belonging to the above domain.
Theorem 2. Let σ “ 1
4
, λ ‰ 0, and
A “ ℜ
´
i
1
4 exp
`
ic´ 1
4
pρq˘¯, B “ ℑ´i 14 exp `ic´ 1
4
pρq˘¯.
Then
c‚λ,ρ,´ “
2
´
AG´ 3
4
pρ, λq ´BF´ 3
4
pρ, λq
¯
λ
1
2
a
coshp2piρq
.
Proof. In view of (3.6), we have
c‚λ,ρ,´ “
1
2
3
4 pi
1ÿ
j“0
exppp´1qjiλq
ż
R0
t´
1
4
`p´1qj iρ pt` 2q´ 14´p´1qj iρ exppp´1qjiλtqdt.
Using here the formula (see, e.g., [7, Entry 3.383.(6)])ż
R0
xν´1 px` βq 12´ν expp´µxqdx “ 2
ν´ 1
2
µ
1
2
Γpνq exp
ˆ
βµ
2
˙
D1´2ν
´a
2βµ
¯
, (3.7)
where | arg β| ă pi, ℜpνq P R0, ℜpµq ě 0, and Dτ is the parabolic cylinder function, and
considering that [7, Entry 9.240]
Dτ pzq “ 2
2τ`1
4 W 2τ`1
4
,´ 1
4
ˆ
z2
2
˙
,
we obtain
c‚λ,ρ,´ “
1
p2λq 12 pi
1ÿ
j“0
`p´1qj i˘ 12 Γˆ3
4
` p´1qj iρ
˙
Wp´qj`1ρ,´ 1
4
`p´1qj`1q2iλ˘ .
Using here (1.2) and considering thatˇˇˇ
ˇΓ
ˆ
1
4
˘ iρ
˙ˇˇˇ
ˇ “ Γ
ˆ
1
4
˘ iρ
˙
exp
´
¯ic´ 3
4
pρq
¯
,
we have
c‚λ,ρ,´ “
i
1
2
ˇˇ
Γ
`
1
4
` iρ˘ˇˇ
p2λq 12 pi
„
i
1
4 Γ
ˆ
3
4
` iρ
˙
H`
´ 3
4
pρ, λq ` p´iq 14 Γ
ˆ
3
4
´ iρ
˙
H´
´ 3
4
pρ, λq

.
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Considering that
Γ
ˆ
1
4
` iρ
˙
Γ
ˆ
3
4
´ iρ
˙
“ pi
?
2
coshppiρq ` i sinhppiρq ,
we obtain
c‚λ,ρ,´ “
1
λ
1
2 coshp2piρq
„
i
1
4 exp
`
ic´ 1
4
pρq˘H`
´ 3
4
pρ, λq ` p´iq 14 exp `´ ic´ 1
4
pρq˘H´
´ 3
4
pρ, λq

.
Therefore,
c‚λ,ρ,´ “
2
λ
1
2
a
coshp2piρq
ℜ
´
i
1
4 exp
`
ic´ 1
4
pρq˘H`
´ 3
4
pρ, λq
¯
.

4. Integrals involving products of Coulomb and modified Bessel
functions, converging to Legendre functions and related to
expression of f‚ρ,˘ with respect to basis B
‚
1
Let ξ P R3. It is clear that the function Fξpxq “ pξ1x1 ´ ξ2x2 ´ ξ3x3qσ belongs to D.
Theorem 3. Let
|ξ2| ă
b
ξ2
1
´ ξ2
3
, ξ1 ą ξ3, (4.1)
and ´1 ă σ ă 0. Then
ż
R0
λ´
1
2 Kσ` 1
2
˜
λ
a
ξ2
1
´ ξ2
2
´ ξ2
3
|ξ1 ` ξ2|
¸ „
exp
ˆ
iξ3λ
ξ1 ` ξ2
˙
F´σ´1p´ρ,´λq
`p´1qσ exp
ˆ
´ iξ3λ
ξ1 ` ξ2
˙
F´σ´1p´ρ, λq

dλ “ pi
2 pξ1 ` ξ2qσ
¨
ˆ
ξ1 ´ ξ3
ξ1 ` ξ3
˙σ´iρ
2
˜
|ξ1 ` ξ2|a
ξ2
1
´ ξ2
2
¸σ` 1
2
exp
´piρ
2
¯
Γp´2σq
¨ Bp´σ ´ iρ,´σ ` iρq |Γp´σ ` iρq|P σ`
1
2
iρ´ 1
2
˜
|ξ2|a
ξ2
1
´ ξ2
3
¸
.
Proof. Let us not that (4.1) excepts the case ξ “ pξ1,´ξ1, ξ1q, thus numbers ξ1 ` ξ2,
ξ1´ξ3, ξ1`ξ3 are not equal to zero and, in particular, the current theorem is formulated
correctly. In view of (3.2),
Fipf‚ρ,˘, Fξq “ F2pf‚ρ,˘, Fξq “
ż
γ2,`
f‚ρ,˘pxqFξpxqdγ2
“
ż
R
exppiρα2q pξ1 coshα2 ´ ξ3 sinhα2 ´ ξ2qσ dα2
“ 2´σ
ż
R0
t´σ´1`iρ rpξ1 ´ ξ3qt2 ¯ 2ξ2t` ξ1 ` ξ3sσ dt,
7where the polynomial pξ1´ ξ3qt2˘ 2ξ2t` ξ1` ξ3 doesn’t have real roots in view of (4.1).
In order to evaluate this integral, we use the formula [12, Entry 2.2.9.(7)]ż
R0
xµ´1 dx
pax2 ` 2bx` cqν “ a
´µ
2 c
µ
2
´ν Bpµ, 2ν ´ µq 2F1
ˆ
µ
2
, ν ´ µ
2
; ν ` 1
2
; 1´ b
2
ac
˙
, (4.2)
where a P R0, b2 ă ac, 0 ă ℜpµq ă 2ℜpνq, and 2F1 is the Gaussian hypergeometric
function. The condition (4.1) means that the argument of this function in
Fipf‚ρ,˘, Fξq “ 2´σpξ1 ´ ξ3q
σ´iρ
2 pξ1 ` ξ3q´
σ´iρ
2
¨ Bp´σ ` iρ,´σ ´ iρq 2F1
ˆ´σ ` iρ
2
,´σ ` iρ
2
;
1
2
´ σ; 1´ ξ
2
2
ξ2
1
´ ξ2
3
˙
belongs to the interval p0; 1q, thus we use the formula [13, Entry 7.3.1.(41)]
2F1pa, b; c;xq “ 2a`b´
1
2 x
1´2a´2b
4 Γ
ˆ
a` b` 1
2
˙
P
1
2
´a´b
a´b´ 1
2
`?
1´ x˘ .
On the other hand, in view of (3.3),
Fipf‚ρ,`, Fξq “
ż
R
c‚ρ,`,λ Fipf‚λ , Fξqdλ, (4.3)
where
Fipf‚λ , Fξq “ F1pf‚λ , Fξq “
ˆ
ξ1 ` ξ2
2
˙σ ż
R
exppiλα1q
„
α21 ´
2ξ3α1
ξ1 ` ξ2 `
ξ1 ´ ξ2
ξ1 ` ξ2
σ
dα1.
In order to evaluate this integral, we use the formula [11, p. 202]ż
R
“
a2 ` px˘ bq2‰´ν exppixyqdx “ 2?pi expp¯ibyq
Γpνq
ˆ |y|
2a
˙ν´ 1
2
Kν´ 1
2
pa|y|q, (4.4)
where ℜpνq P R0.
Considering (4.3) and Γp´σqΓ `1
2
´ σ˘ “ 22σ`1?pi Γp´2σq (in view of Legendre Du-
plication Formula), we complete the proof. 
Let us note that under condition of Theorem 3, the real parts of numbers ´σ˘ iρ and
σ ` 1˘ iρ are positive. It means that function F´σ´1 in this theorem can be expressed
via Fσ and Gσ : Dziecol, Yngve and Froman derived in [2] the reflection formula (for
complex σ, ρ and λ)
F´σ´1pρ, λq “ cos θ Fσpρ, λq ` sin θ Gσpρ, λq,
where
θ “
ˆ
σ ` 1
2
˙
pi ` c´σ´1pρq ´ cσpρq,
which holds for z, w ‰ 0, ´pi ă arg z, argw ă pi, and ln Γpzq, ln Γpwq P R for z, w P R0,
where z “ ´σ ˘ iρ and w “ σ ` 1 ˘ iρ. In this way, it is possible to represent c‚λ,ρ,´ in
Theorem 2 as a linear combinations of functions F´ 1
4
pρ, λq and G´ 1
4
pρ, λq.
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Theorem 4. For
|ξ2| ą
b
ξ2
1
´ ξ2
3
ą 0, ξ1 ą ξ3, (4.5)
and ´1 ă σ ă 0,ż
R
λ´
1
2 exp
ˆ
iξ3λ
ξ1 ` ξ2
˙
F´σ´1p´ρ,´λq
¨
´`
1´ secppiσq˘Jσ` 1
2
p2|k|λq ` tanppiσqJ´σ´ 1
2
p2|k|λq
¯
dλ
“
p´1qσ`1 pξ1 ` ξ2qσ |ξ1 ` ξ2|σ` 12 pξ1 ` |ξ3|qiρ sinppiσq exp
´
3piρ
2
¯
2σ
?
pi
a
ξ2
2
` ξ2
3
´ ξ2
1
pξ2
1
´ ξ2
3
q iρ2 Γpσ ` 1qΓp´σq
¨Qρi´σ´1
˜
´ ξ2a
ξ2
2
` ξ2
3
´ ξ2
1
¸
,
where k “
?
ξ2
2
`ξ2
3
´ξ2
1
ξ1`ξ2
.
Proof. Let us note that (4.5) yields the inequality |ξ1| ‰ |ξ3|.
In view of (3.2),
Fipf‚ρ,`, Fξq “ F2pf‚ρ,`, Fξq “
ż
γ2,˘
f‚ρ,`pxqFξpxqdγ2
“
ż
R
exppiρα2q pξ1 coshα2 ´ ξ3 sinhα2 ¯ ξ2qσ dα2
“ pξ21 ´ ξ23q
σ´iρ
2 pξ1 ` |ξ3|qiρ
ż
R
exppiρuq
«
cosh u´ ξ2a
ξ2
1
´ ξ2
3
ffσ
du,
where |ξ2|?
ξ2
1
´ξ2
3
P R1 according to (4.5). Meaning here the last integral as its principal
value and using formula [12, Entry 2.5.48.(6)]
`8ż
0
cos bxdx
pa` cosh cxqν “
exp
`
bpi
c
˘
Γ
`
ν ´ ib
c
˘
c pa2 ´ 1q ν2 Γpνq Q
bi
c
ν´1
ˆ
a?
a2 ´ 1
˙
,
which is valid for b,ℜpcνq P R0 and a R r´1; 1s, we have
Fipf‚ρ,˘, Fξq “ 2 exppρpiq pξ21 ´ ξ23q´
iρ
2 p|ξ1| ` |ξ3|qiρ
¨ pξ22 ´ ξ23 ´ ξ21q
σ
2
Γp´σ ´ iρq
Γp´σq Q
ρi
´σ´1
˜
¯ ξ2a
ξ2
2
` ξ2
3
´ ξ2
1
¸
. (4.6)
On the other hand, (3.3) yields (4.3), where the polynomial α2
1
´ 2ξ3α1
ξ1`ξ2
` ξ1´ξ2
ξ1`ξ2
has
two different real roots ξ3
ξ1`ξ2
˘ k. Using the substitution α1 “ t` ξ3ξ1`ξ2 , we have
Fipf‚λ , Fξq “ F1pf‚λ , Fξq “
ˆ
ξ1 ` ξ2
2
˙σ
exp
iξ3λ
ξ1 ` ξ2
ż
R
exppiλtq pt2 ´ 4k2qσ dt,
9where (according to [12, Entry 2.3.5.3])
2|k|ż
´2|k|
exppiλtq p4k2 ´ t2qσ dt “
ˆ
4|k|
λ
˙σ` 1
2 ?
pi Γpσ ` 1qJσ` 1
2
p2λ|k|q
and (according to [12, Entry 2.3.5.5])
1ÿ
j“0
ż
R2|k|
exppp´1qjiλtq pt2 ´ 4k2qσ dt
“ 4σ?pi i
ˆ
λ
|k|
˙´σ´ 1
2
Γpσ ` 1q
´
H
p1q
´σ´ 1
2
p2λ|k|q ´Hp2q
´σ´ 1
2
p2λ|k|q
¯
,
where H
p1q
´σ´ 1
2
and H
p2q
´σ´ 1
2
are Hankel functions of the first and second kind, respectively.
To finish the proof we use the identity
H
p1q
´σ´ 1
2
p2λ|k|q ´Hp2q
´σ´ 1
2
p2λ|k|q “ 2i` secppiσqJσ` 1
2
p2λ|k|q ´ tanhppiσqJ´σ´ 1
2
p2λ|k|q˘.

5. Integrals involving products of Coulomb and Legendre functions,
converging to modified Bessel functions and related to expression of
f‚λ with respect to basis B
‚
2
The results obtained in Theorems 3 and 4 be may be characterised as formulae, on
the one hand, for exponential Fourier and, for the second hand, for Mellin transform
of Coulomb functions. In addition, Theorem 3 is being formula for K-transform and
Theorem 4 is being formula for sum of Hankel transforms [4] of Coulomb functions.
All these formulas have been derived from the expression of the function belonging to
’hyperbolic’ basis with respect to ’parabolic’ basis. Choosing the opposite direction, in
this section we derive one formula for generalized index Mehler–Fock transform [18].
Theorem 5. For (4.1) and λ P R0,
ż
R
»
–pi´1 ˇˇˇˇΓ
ˆ
3
4
` iρ
˙ˇˇˇ
ˇ exp´piρ2
¯
F´ 1
4
pρ, λq ` λ 14
2
´
AG´ 3
4
pρ, λq ´B F´ 3
4
pρ, λq
¯
a
coshp2piρq
fi
fl
pξ1 ´ ξ3q´
1
8
´iρ pξ1 ` ξ3q´
1
8
`iρB
ˆ
1
4
` iρ, 1
4
´ iρ
˙
P
1
4
iρ´ 1
2
˜
|ξ2|a
ξ2
1
´ ξ2
3
¸
dρ
“ 2 34
ˆ
λ
pi
˙1
2
pξ21 ´ ξ23q
1
8 K 1
4
˜
λ
a
ξ2
1
´ ξ2
2
´ ξ2
3
|ξ1 ` ξ2|
¸
.
Proof. From (3.1) we have
Fipf‚λ , Fξq “
ż
R
rc‚λ,ρ,`Fjpf‚ρ,`, Fξq ` c‚λ,ρ,´Fkpf‚ρ,´, Fξqsdρ,
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where i, j, k P t1, 2u. Choosing here i “ 1 and j “ k “ 2, we calculate F1pf‚λ , Fξq and
F2pf‚ρ,`, Fξq according to formulas (4.4) and (4.2), respectively, and use Theorems 1 and
2. 
By using the formula (see, for example, [13])
Pµν pzq “
c
2
pi
i exppiνpiq
pz2 ´ 1q 14
Q
´ν´ 1
2
´µ´ 1
2
ˆ
z?
z2 ´ 1
˙
,
which is valid for ℜpzq P R0, it is possible to obtain the result, which is similar to
Theorem 5, for (4.5).
6. The relationship with the Poisson transform in D‚
Let us note that the integrals Fipf‚λ , Fξq and Fipf‚ρ,˘, Fξq, which do not depend on
the choice of integration contour γi, are the particular cases of the so-called Poisson
transform [16, Section 10.3.1]
Prf spyq “
ż
γi
fpxq px1y1 ´ x2y2 ´ x3y3qσ dγi,
where f P D‚ and the point y belongs to the hyperboloid Υ : y2
1
´ y2
2
´ y2
3
“ 1. The
image of this integral transform consists of σ-homogeneous functions which are defined
on Υ and belong to the kernel of the following ’p1, 2q-Laplace operator’:
˝ “ B
2
By2
1
´ B
2
By2
2
´ B
2
By2
3
.
The Poisson transform intertwines the representation T ‚ and the representation defined
by the shifts Prf spyq ÞÝÑ Prf spg´1yq. Thus, computing Fipf‚λ , Fξq and Fipf‚ρ,˘, Fξq for
the case
ξ “ y “ pcoshα3, sinhα3 cos β3, sinhα3 sin β3q, (6.1)
where α3 P R and β3 P p´pi, piq, which satisfies the condition (4.1), we obtain the values
of the Poisson transform with the kernel Fy of the basis functions f
‚
λ and f
‚
ρ,˘. For
example, we have
Prf‚λspyq “
c
2pi
coshα3 ` sinhα3 cos β3
|λ|´σ´ 12
Γp´σq
¨ exp
ˆ
iλ sinhα3 sin β3
coshα3 ` sinhα3 cos β3
˙
Kσ` 1
2
ˆ |λ|
coshα3 ` sinhα3 cos β3
˙
.
The function Fy as a function Fxpyq defined on Υ is also being the kernel of the so-called
Gelfand–Graev integral transform. The applications of this transform to generalizations
of Funk–Hecke theorem had been considered in [16] and [15].
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We note also that choosing β “ 0 in (6.1), we obtain from Theorem 3 the following
integral representation of Legendre function:
P
σ` 1
2
iρ´ 1
2
p| tanhα3|q “
2 exp
`´α3`piρ
2
˘
pi Γp´2σqBp´σ ´ iρ,´σ ` iρq |Γp´σ ` iρq|
¨
ż
R0
F´σ´1p´ρ, λq ` p´1qσ F´σ´1p´ρ, λq?
λ
Kσ`1
ˆ
λ
expα3
˙
dλ.
Amore general representation for P
σ` 1
2
iρ´ 1
2
p| tanhα3|q can be obtained by using the following
parametrization of Υ:
y “ pcoshα3 cosh β3, sinhα3, coshα3 sinhβ3q.
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